Chapter 3 — Derivatives

3.1 Derivative of a Function

;"'\) Def: The Formal Definition of the Derivative

prime of x”, whose value at x is

£ = f(1+h) f(x)

provided the limit exists.

The derivative of the function f{x) with respect to the variable x is the function f’(x), pronounced “f

+ Note: From last chapter, this is the slope of the curve or the slope of the tangent to the curve. <c=-

The domain of f°, the set of points in the domain of f for which the limit exists, may be
smaller than the domain of f,

If f'(x) exists, we say that fhas a derivative (is differentiable) at x.

o If a function is differentiable at every point of its domain, then it is called a
differentiable function.

Ex. Differentiate (find the derivative of)
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Def: Derivative at a Point (Alternate Definition)

The derivative of the function f{x) at the point x = a is the limit

Fila) = limL D= S(@
Xt X—a
- provided the limit exists.
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w Notation: These are all P’(K\
3‘: There are many ways to denote the derivative of a function y = f(x). Other common notations are
. ¥ “y prime” Handy - but does not name the independent variable (x)
b dy “dy dx”
# dx “the derivative of y Names both variables and uses d for derivative
.3 with respect to x”
] \;5 df “df dx”
— = dx “the derivative of f Emphasizes the function’s name
=3 with respect to x”
q'e-:g d ] “d dx of fat x”
‘ﬁ zf (x) “the derivative of fat  Emphasizes the idea that differentiation is an operation
‘r_*; X" performed on f

&

Graphing f* from f:
= Suppose we wanted to graph the function y = f'(x) based on the graph of y = f{x) to below left.
* Basically, plot a new point (a, f'(a)) on another set of axes. This will be the graph of y = f"(x).
o After plotting each point (the x coordinate with its slope of tangent line (), we draw a
smooth curve through the points.
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» If we superimpose the derivative function onto the original graph, we get the graph below. (f* is
the dashed line).

= Notice the different “sections” of the two curves: ¥
o From A io C, f{x) is increasing. What do you
notice about f'(x) on the same domain values of x?
‘F’(A s abait x-axis —> ‘ I"(.,A?Ol
| it
o From Cio F, flx) is decreasing. What do you
notice about f'(x) on the same domain values of x?

Frey s belocws x-axis — )‘P?x)(o ‘
© What can you say about the slope of an increasing

function? A decreasing function?
dec: FI< o
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©  What is the slope of the tangent at C and F? What do you notice happens with y = f{x)
o _
around these two points? S‘o‘u =0 Tidy Avens

One-Sided Derivatives:
= A function y = f{x) is differentiable on a closed interval [a.b] if it has a derivative at every
interior point on the interval and if the limits:
lim L9+ hl)—f(a)
|

=0

[the right-hand derivative at a] or lim @)= f(a)
X X—=a

lim Lo+~ ()
130 h
exist at the endpoints

[the left-hand derivative at b] or lim fx) = fa)
A= x — a

ex. Show the following function has left-hand and right-hand derivatives at x = 0, but no derivative

there.
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3.2 Differentiability

Ex. Find the derivative for each of the following:
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Property: y= f(x) will have no derivative at x = @ where the graph has:
1. A corner: One-sided derivatives differ
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2. acusp: where the slopes of the secant lines approach o from one side and —oo from the other

side (an extreme case of a corner)
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3. avertical tangent: where the slopes of the secant lines approach either +w or — from both

sides (this example: +00) +
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4. A point of discontinuity:

!
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To find where a function is not differentiable:

* If it has an absolute value, then set the inside of the absolute value equal to 0 and solve for x

fry= -l
Dl)f. 0 )(—Q‘:D
X=4

ot = (X4
dise whe K:fzo — X=1t2

®  Most functions in calculus will be differentiable, which means no corners, no Cusps,no points
of discontinuity, or vertical tangent lines within their domains. Their curves will be smooth

with a well-defined slope at each point.




Differentiability Implies Continuity

Theorem: If fhas a derivative at x = @, then fis continuous at x = a.

Proof: We will show that lim f(x)= f(a) or better yet: Iim[f(x)—f(a)]:O
lim{ £ (x) — f ()] = Lm[(f(x) - flay z]

_ lim[(x_a)_w] This is by definition,
X= x—a f'(a)

=lim{x-a)- lim-—-—f(x) ~Ja
X=did A= x—a

=0-f'(a)

=0

Although Differentiability implies Continuity, the converse (Continuity implies Differentiability)
is not true. /" rmrhizs a
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Derivatives with Calculators

You can find the derivative of a function at a
point using your TI-83+ using the “nderiv”

. . . function. The command is:
To summarize the relationship between

Differentiability and Continuity: nderiv(f{x), x, a) %%]m
1. If a function is differentiable at x = a, then it is o
continuous at x = a D-—? [ A ex, nderiv(x“,x, 4) > 8

2. If a function is continuous at x = a, then it dges nderiv(sin x, x, 7/4) -> 0.7071

not have Po b? differential?le atx =a - You are only to use this to check your
3. If a function is NOT continuous at x = g, then it answers or if the questions instructs you to
does NOT have a derivative at x = a. use it (NDER in book)

~L oD

L4

Homework: Pg. 114 #1-10, 17



3.3 Rules for Differentiation (a.k.a THE SHORTCUT!!!

®
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Rule #1: Derivative of a Constant Function

If fis the function with the constant value c, fix) = c, then

g fx)=0

g;:

Rule #2: Power Rule for Positive Integer Power of x

If fix) = x" and n is a positive integer, then
4 = f'(x)=nx""
dx

To differentiate x", multiply the exponent n by x to 1 less than the .

Ex. Find the dertvative of

. f(x)=x° 2. f(x)=x* 3. f(xo)=x"
-F’(sq:.g/q Pt = 2x -p’fx\: lZ:cur
, Ex
Rule #3: The Constant Multiple Rule ‘;C-{x)—- 4X3
If fis a differentiable function of x and ¢ is a constant, then p o= 4- 2
—
L pymcd T ]
dx dx —_—

Rule #4: The Sum and Difference Rule

If « and v are differentiable functions of x, then their sum and difference are differentiable at
every point where 1 and v are differentiable. At such points,

i(u+p) —ﬂ-ﬁ-d_v
de B

dx  dx

Ex. Find the derivative of
I fx)=x—4x*+5x—-6 2. f(x) =8x% —4x* —9x3 —12x%2 — 11x + 10

itey= 3-8 + S Lird= dox -1 - 27> 24 — 1]




Rule #5: The Product Rule
The product of two differentiable functions # and v is differentiable, and

LI~(uv) :ud—v+v(—hi Shorthand: uv' + vu’
dx dx  dx

Alternate Writing: If f(x)=u(x)-v{(x), then f'(x)=u(x)v'(x)+v(x)u'(x)

ex. Find the derivative of N v
I fx)=(x° by I)(x:/+ 3) 2. f(x)=(x" +3x)(2x* +3x+3)

U v o+ Vo p'(y):{\(sf-gx)(‘ﬂrl-ﬂ+[2KLFSK4?)(3{'{—3)W

‘F;\(\ = (1) 3+ (P3) 2x
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Rule #6: The Quotient Rule

. . u . . Co .
At a point where v #0, the quotient y =— of two differentiable function is differentiable, and ‘D
v

dit dv
du vd_—u]_ vu' —uwr
_(_] = 94X _d¥ Shorthand: —;
dx\ v v- v
2_] u
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Rule #7: Power Rule for Negative Integer Power of x

(3 If fix) = x" and n is a negative integer and x#0, then
f - = f'(x)=nx""
dx
ex. Find the derivative of ¢
l.y=x"8 Z.EE%_l 3.y=x—55'=ésc_
7 -1 .
m ’L—— 5 | g = ~30x”¢ J
7 -0 A
”" x7

Higher Order Derivatives

. . dy . L. . . .
® The derivative y'= -dl is called the first derivative of y with respect to x. If the first derivative is
x

also a differentiable function, then

. dfdyY d°y . . .
y'=— & —2 is called the second derivative of v with respect to x.
dxldx ) dd

y" is pronounced “y double—prime”
® y’"is the third derivative of y with respect to x

w_dfdy)_d’y
’ dx de dx?

= Continuing, we end up with

I .. . d'y
¥y =—y"" The n" derivative of y with respect 1o x —7’}
dx dx

Ex. Find the first 4 derivatives for f(x)=x*+2x"-5x>+7x-10
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3.4 Velocity and Other Rates of Change

Def: Instantaneous Rates of Change
The Instantaneous Rate of Change of f with respect to x at a is the derivative.
. +h)y=-

- 1

provided the limit exists.

Ex. Find the rate of change of the area A of a circle with respect to its radius r. What is the rate of
change of A when r = 3, r = 6, and when r =87

Alr)= LK @ =3 A'(D= bIT
Af(v-‘:‘ Ty V:’;_‘: ; P\r("): 125

r=§: A(#)= lod@

Motion along a Line

Def: Suppose that an object is moving along a coordinate line (the .x-axis) so that we know its
position, called s, on that line as a function of time ¢.

s=f(1)

The displacement of the object over the time interval 1 to f + At is
As = f(++AN - f (1)

Def: The average velocity of an object over that time interval is

time At Ar

Def: The instantaneous velocity is the velocity of the object at the exact instant 7.

This can be found by taking the limit of the average velocity as Ar = 0.

Therefore, the velocity of an object at time ¢ is the derivative of the position function
s= f(1) with respect to time. At time ¢, the velocity is

ll(l)zit:'imf(t-*.Ar:_f(I) = S,({_-_\

dr a0 A

\ Vo= s'e) )
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ex. A particle is moving along a line such that its position is given by the function
s(t)=4* + 31> = 121. What is the velocity of the particle at # =1, 2, 5, and 6 seconds.

Vit)y= e+ e-12

VIN= 126012 T G

V(2) = 12.44+6-2-12 ~ 4§
V(S)= 12.26+65-12 =218
V(o) = 1230 F 6612 =456

Def: Speed is the absolute value of velocity.

Speed =| v(1) |

The difference between speed and velocity is that velocity gives you two values: how fast the
object is moving and in which direction. Speed does not.

Def: Acceleration measures how quickly an object picks up or loses speed. Acceleration is the
derivative of velocity with respect to time. If a body’s velocity at time ¢ is v(s) = <, then

dt
the body’s acceleration at time ¢ is

dv_ d’s GlE)= vIE) = "
a(t)=— = S
i di

Note: Acceleration is the position function’s 2™ Derivative.

Ex. Using the previous example, what is the acceleration of the particle at £ = 1, 2, 5, and 62
G\ 24E +6
a(r)=24+6 =30
Q2= 4Fre =54
AS)= lrot+6 = 126
alt) = Y+t = ISo




Some Constants to Know About the Earth:

Experimental and theoretical investigations revealed that the distance a body released
from rest (v = 0) falls freely is proportional to the square of the amount of time it has
fallen.
1 ., ,whereys isdistance, g is acceleration due to gravity,
B 9 8" and1is time. Units are determined but units used to
measure s and {

Free—Fall Constants:
. . 1
English Units: g=32-L;, s= ;(32)1‘2 =16t (feet)

. . 1
Metric Units: g=9.8-", 5= 5(9.8)!2 =4.9¢* (meters)

Units for acceleration would be % o is read “feet per second squared”

ExX. A dynamite blast propels a heavy rock straight up with a launch velocity of 160 ft/sec (about

w\'f\“l" 109 mph). It reaches a height of s = 1607 —167° feet after ¢ seconds.
""“ (a) How high does the rock go? -
V[(:\-—v (b) What is the velocity and speed of the rock when it is 256 ft above the groundonthe
way up? On the way down?
{c) What is acceleration of the rock at any time ¢ during its flight (after the blast)?
(d} When does the rock hit the ground? How fast is it traveling when it hits the
ground?
@ a(f)= ~32 Gllu:u’( -3
(o) V(EV s o -%2t =0
~32£ = —l0 "1 Rock on gppnd ide- StH) =0
37 32 2
lbok — lkt=o
£z g 4 ohen
. WE(1oH=o
@1:5. (5)- ocshuCst=[Heo €4 (wbes| \0-tmo
- o €=o +=16
: - t— =2 -
() 32 Wot— =25t 7 Nhiks ot
O= Wt iok+2Th 9‘3\ e
O = \o( L*-10E +16) : V(i0)= ibo 52 (10]
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V(B)=w02uzy | V(8)=lo-32L9) -
vl =4 (8)=-2% | < (o, 7
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Homework: Pg. 135-137 #1-6, 9, 12, 13, 19, 20, 22, 24, 36
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3.4b Marginal Cost and Revenue (Economics)

(-j * Engineers use velocity and acceleration to refer to the derivatives of functions describing motion.

= Economists use derivatives as well for rates of change. This is referred to as marginafs.
= In manufacturing:

o The cost of production e(x) is a function of x, the number of units produced.

o The marginal cost of production is the rate of change of the cost with respect to the level
of production.

* Inother words: <« orc¢’'(x)

o Revenue is the amount of money made from the selling of a product. It is a function of
the number of units sold, x.  r{x)

o Marginal Revenue is the rate of change of the revenue with respect to the level of
production, or r'{x)

EX. Suppose the cost to produce x radiators when 8 to 10 radiators are produced is given by
c(x)=x" - 6x* +15x and the dollars of revenue from selling these x radiators is

r(x)=x" =3x* +12x. If the shop produces 10 radiators per day, find the marginal cost and
marginal revenue.

1/ 2
W%h‘? (ot C{(K\"-;Yt-\'zt H< Han‘{ln’e ?euevm_x;.' F<) = 3Lt 12
(i) = 30o-o+1S =|Fig ¢ Fi(10)= 300-bo +12 -ls zgz)

-D_EQ -. ’ch_f- ~ Ot oF e mede baccd on revenee omd cost” _@)

;ﬁ NP m-»cn}‘ (Wk‘“l
D) Pl) = () —C (<) — r,(,qq, - J’los,c _
P\ =0 — Breslevy e

K Hm%uwl??m(:'h Pf(r): r'(x) - Cl(x)

Ex. The total cost, in dollars, of producing x food processors is C(x) = 2000 +50x —0.5x .

(2) What is the average cost for each food processor if you produce 21 food processors?
(b) Find the exact cost of producing the 21* food processor.
(c)  Use the marginal cost to approximate the cost of producing the 21% food processor.

o) Aoy = VEEE ~ Q20 - 0B (Wi |

€h) Tok cost of 20- C(zo):#Zga) e W@m& ek = ()= Sb-x
Totel Cb.\"ol’ 2i~ () =B2729.54 C/(Zt):gb 2| = #20

st of 217 C()-c (2o
- '3 29.5% l

Homework: Pg. 136-138 #18, 27-29, 31, 32, 34, 36, 37, 38, 42-45, 47
Ty wa'a"' p Bo—38 #0116 17,2327 26,31,37 124\
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3.5 Derivatives of Trig Functions (Short Version)

Th: The Derivative of the 6 Trig Functigns o
d . d
—(sinx) =cos x —CScx ==cscxcoty
dx dv
d . d
—fcosx)=—sinx —secxy=secxtanxy
dx dx
Ll (tan x) =sec® x [—Icotx =-csclx
dx dv
te !
Ex. Find the derivative of each of thc following. ) e Vf"_‘__..f_u
I yexising € Pvoduct Pl ! 2. flx)y=—% w @vo‘h"-*?“ vh
i UV v’ ) I—sinx *
' X0t X + S 2x) Crpgy = (o5 Ny
- (- S-H'w\':)Z & Sm,
N . ( —Six+ fmn
'9 = Xtosr +2x s\W A~ ‘Cr( - M_i e &
Y) (] .‘lh\(’)
(= Sirey™
P P N
_ W T |-%inx k
3. f(x)= Lo 4., f(x)=sinxtanx uvut ()
X W :
. 5 —
-F'M“- )(i!;;(;;_ﬁ —(-\‘/,d- Sine(see) = Yunx Losxc

I » S sec’x + Finx
44

Ex. Findy” ify=secx
/= secxtrnro
¢ et
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fadwn
wy'+

(ﬂ" - Corx- S€CK + Yony oo x Tnge

2 z
" "QC)(-—\-SQC:‘_"W"’L [ /;c,cj;(-\ = “wt

¢ -

Tgc X +-Sec A (536%-")

%"{ - Sm%(_} Séc 7<"'-$é€}(

Wcﬂ O
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Ex. Find y"if y = sin 2x (hint use formula for y = sin 2x)
g: Z5nX o uv v’

'ﬁ/: 2 Ejmv (=51md + Cosx (o g | PJ/: Zeos v l
p”- yi [—szx ;-cw"'x}

(4/ =2 Ec’-’*"lX-""txj < Hus i ok

Def: The motion of a weight bobbing up and down at the end of a spring is an example of simple
harmonic motion,

ex. A weight is hanging from a spring (see diagram right) is [

stretched 5 units beyond its rest point (s=0) and released at
time ¢ = 0 to bob up and down. Its position at any later time
tis -5
s = 5cos ¢
What is the velocity and acceleration at time ¢?
—

rest 01—
VI = -5t position
G(E’\: "'g Coo t posi[ion____-—b 53—

atr=0

ke attlz -s(E) - He acceluchs O equad

'L' H}L & fb.h“f'( oJ’ f“&!—s
?o.hl\n:

Def: Jerk is the derivative of acceleration. If a body’s position at time ¢ is s(f), the body’s jerk at time ¢

1S: . /
o da d's . JE)=0'(H
Jy=—=—=5""(1)
dr  dt

ex. What is the jerk force on the weight in the previous example at time 17 When js the jerk force at its

highest? “J(g):’{mt | l/l\‘:: h-qniz;—f—_,,.-f Q‘b:I} '
, N

_jomework: Day 1: Pg 146 #1-230, 27, 29

Day 2: Pg 146 #2-26e, 30

Qe o35 [(bonr o 4o 4 31039

&b\lz . ‘Deﬂ\t-f\kl IE




3.6 Chain Rule

recall: A composite function is defined as a function containing another function.

flg(x) = flg(0)]=(f ¢ g)x) o
Suppose you have the function y = 2(3x - 5) and you were asked to find the derivative.
The function y = 2(3x - 5) is a composite of the functions y=2u and u =3x -5
Distributing the 2 gets y = 6x - 10

Suppose we take the derivative of all three equations:

y=6x-10 y=2u u=3x-35
d%c =6 fﬁi =2 Ci.f—;cz 3
See a relationship between the numbers? b=2x<3
%’z)tc 3 Z_",t =

Does this always work??

Ex. Find the derivative of y = 3x* + 1) — W
N g
3;"2 =2y ! ; QKL}"’ b |
dyr. dy , c ¢
17 a3 = Box F 12
= Bpx T X

%“L“‘ 2w bx

S Zuv P @
Y () B

dy - e &
= 36 4

Rule #8: The Chain Rule
If fis differentiable at the point u = g(x) and g is differentiable at x, then the composite function
(f o g)(x)= f(g(x)) is differentiable at x and

(fogY(x)=f"(g(x) g'(x)

In Leibniz notation, if y = f{) and « = g(x), then : — =&, ﬂ
dx du dx




Ex. An object moves along the x-axis so that its position at any time 7 > 0 is given by x(¢t) =cos(t> +1).

Find the velocity of the object as a function of 1.

N

2
. QIY - QI){ (‘.! K=oy W=4% )
O Vedet @ \

V(t|-. ~Sthu » Z(_-

Tv((;)-,-zts.n (65-1)—]

Ex. Find the derivative of f{r) = tan (5 - sin 2¢)
‘r/(’d :ggcl(g—flhlt] e (~Cos ?.('.‘ YA

[TC’((\ T - 2“8(4—:.“2!:)@;—\

— —

Power Chain Rule: If y=[f(x)]", then ¥y’ =n[f(x)]"" f'(x)

. { et d
Power Chain Rule (alternate form): %—u" =y S

dx dx

do o uctw,
Hhe ,ﬁ Fworfmr-t,

Iﬂwﬁrﬂ{

vEl= —-Srh[’[- Fl) -2 €

foke oo dorinehon
of the owtside Punchon

'{au- ”:l—(ti( 0‘07""-
i M“(hff b‘?
(\eﬁw-fm. #/1 nsde

v
]éazf ?ou{

Ex. Find the slope of the line tangent to the curve y =sin® x at the
ﬁ %'—(Slmr)‘:
L
o Y

(a = S5Gtn XY Cai x

= X osx
v
@ 53 g 5'( ('l] gup L)

point where x = £,

Ex. Show the slope of every line tangent to the curve y=
é (l - 2.&’)'
(l Z\') la/: v
-4 (1-2x)"
4= = (1-2x) (-2)

\& iz 4 (l,zxj"f

"/
Homework: Pg. 153 #1-190, 26, 31

Ty 2 PIS3-152 & 4. 28(¢) 33-398,44,
5%, $4,72,73

One more look at it
If f(x)=u",whereuisa
differentiable function of x,
then :

"(D=nu"" -u
f

‘ib s a|wa.1: vsﬂl’w
fo dl % # B ("27() 70

-, 3 3 D'\Wﬁ"lg' Faﬁ'\”"b

is positive.

IQurL:%.!—T:,b
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3.7 Implicit Differentiation
To the right is a curve called a folitum
« First discussed by Descartes in 1638
* The equation of the curve is:
2 +y’ =9ay=0 ©
= But this equation can not be solved for y so
finding the slope of the tangent at any point
can not be done the way we have before.
* In previous sections, we always had an
equation of the form y = flx)
o This kind of differentiation is called
explicit differentiation.

Consider the equation xy = |

d . .
To find <% , we would rewrite the above equation as
dx

1
y=— or
X

y=x"

. . . + (1\' -1 - l
Finding the derivative: —=-1x" =
dx X

There is another way to do this. This is called implicit differentiation.

We can differentiate (take the derivative) of both sides of xy = | before solving for y.

d (x): 9 . i
?MUA &‘(I _ e (ﬂa) & (1\ Cub ‘\‘rhn'}\n) ‘a yé
v’ Kc'ili.x.i.\ = 0 dy It
d( W—’ '_—,2—’ 4
d -
" T 7Y dy . L
v X

d
E‘l"‘\o = -—'?(; -

This agrees with the previous result using explicit differentiation.



® The advantage of implicit differentiation is that you don’t have to solve the equation for y.
® Soin general, you do not have to substitute back in for y. Leave the y in the equation unless
otherwise stated.
O = Use implicit differentiation if you can’t solve for y.

Implicit Differentiation Process:

1. Differentiate both sides of the

. dy . ., . 2
Ex. Find == if 5y +sin y=x equation with respect to x

dx o .
5,24 dy _ 2 2. Collect the terms with % on
ax 3 dx ~ * one side of the equation

dy
3. Factor out i

lo‘a +Cola dy | = 2x

oh
4. Solve for e

jfjc('%* ts y) = 2x

) dy - \6%%@;9

ex. Find the ﬂlope of the tangent line at (4,0) to the graph of 7y* + x’y+x=4.

'19 +x\6l +x =4

~ '
'Z”’#%} +¥ ’+33f }1 Lo N Lty
— e \(—? /-7
28 Pyl Xy Y2 = O SR AR 8
74 t; *3 AL P

%1( - ““”d

J3+ ,{1 by Sin .
4
Ex. Find the slope of the tangent line at (2,-1)to y* =x+1=0 —
wy-tze | T
ZJ«) = :\ >

(J/— Z4 T
1J @ (Z"l) J - 3 n"'@ T




Lenses, Tangents, and Normal Lines
* In the law that describes how light changes direction as it
enters a lens, the important angles are the angles the light
makes with the line perpendicular to the surface of the lens
(the normal) at the point of entry.
» How a lens is curved (the profile of lenses) is often described as a
quadratic curve.
© We can use implicit differentiation to find the tangents and
normals.

Ex. Find the normal and tangent to the ellipse x* — xy+ y* =7 at the point (-1,2).

Z_xy +1y2= 7 _2-2(<1) _ 742
X 8 '3 @(“.3’)'- y'f 17;{;-') < Th - -‘lg-
<

2x-(x ’433 +23'3’= O
=4 5 m,= 7
2{.;%{?%/ =0 WrEx T2 YT

gy~ = o7 [T et |
3_%%;3-' %zzj [ N \6-2. ‘-“%(x-{-h \
~2x

y'= %

Derivatives of Higher Order
= Implicit differentiation can be used to find derivatives of higher order (2™, 3" etc...)

~

Ex. Use implicit differentiation to find d—;)l if 4x* —2y* =9 "_ @j—
L{Yz.__z:g z.: Q ‘xa 'h l vu'- 9 - ?
Uollent - g
ule

8,( -"{'ﬁta/: 0




Rational Powers of Differentiable Functions (Fractional Exponents)

=]

d . .
* We know the Power Rule: —x" =nx"" is true for any integer 1 (Rules 2 and 7).

ﬁ dx

Rule #9: Power Rule for Rational Powers of x
If n is any rational number, then:

—x" =
dx

If n < 1, then the derivative does not exist at x = 0.

So this Rule works for ANY kind of exponent!

Ex. Find the derivative of each of the following:

Loy=vx = x* 2. y=3x’ = )(2/3
i =3,
I 1L /e . Z
§=2x 43
[ YA
/o = -
3 = 3 x"

3. _v=(cosx)'7: .
. -/
c&’ = 50 Lo
/- SN
YT Els)s

7
- "l'ﬁl/\‘( ‘-—/w
5 i

Homework: Day 1: Pg. 162 #1-190dd, 23-35 odd, 37(a)
Day 2: Pg. 162 - 163 #2, 6, 10, 14, 16, 20, 24, 26, 28, 32, 36, 38(a), 41, 42, 43, 55

Day3 9 bz *4,§ 30,44, 500, 48 57
B (IDH“J) - %<8
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3.8 Derivatives of Inverse Functions and Inverse Trig Functions (Short Version)

Th: The Derivative of an Inverse Function

Let fbe a function that is differentiable on an interval (a,b). If fhas an inverse function g. then g
is differentiable at any x for which f(g(x)) # 0. Or put in another way:

|
If g(x)=f""(x), then g'(x)= for f'(g(x)) # 0 ) —
gU0= 700 then &= cy D TR
Ex. Find (f')(x) if .
1) f)=x—2x—1atx=3 2) fx)=x2, forx>0 =
=7 K213 Pz 2¢ KEt
; 2 Ka'—'ZK ~H=0 ({.)nvﬂ.) K=t ?{X): p-l(x) - & W = v
Where i€ % o = 1 ' ‘j:‘&
=2 0= 3 W
- fta~ <
32 )
[T-]

Th: The Derivative of the Inverse Trig Functions

sm u-——
l—u

¢
—c0s 1l = ———

dx \/l—u“

¢ _, '
—tan u = -
dx 1+u”

Ex. Find the derivative of:
l. sin'x?

—csctyEs — 0 —

dx |u|\fu -

d
= —secu = |"| «/:—_

'

—cot 'u=- -
dx 140

2. sin”'Gx-1)
d -4 1\ Al d - 1] -_—
g;(;ﬂ‘ < " myf/ ZY i (!!x l) m;l\i
f
L -\ 2x¢ _ 3
S -xt Vi)
—— %

-

- m‘,

O



Ex. A particle is moving along the x-axis so that its position at any time ¢ >0 is s(¢) = tan™' 2r. What is
the velocity of the particle at t = 4? f

W
Z { f‘hl'
V=¢'(E)= -
Q V(e (&)= i ( O 1+4E
= 2
@kzu v) | Fu(d) \og(
ex Esec"(3x )= _\Q_\{___ -
dx ~ 12
| ‘h’ L(}r\ ! |-n,<l 6'%13 4
lu\r- “'—_“‘é/?
- 4x-1J Gy
_ 2
- X Vax't
d -y ""_'..'_..
ex. Find an equation of the line tangent to y = cot™ x at x = ~1 3¢ Cet == X

\
WA = ‘ﬂf: ‘-I:;_" @,f_-:_., (9’: -_.:_:

-
-

=My
=t \ = - E -5
yrcot () = G- EV 22

75

@

Deom't [ yov
Homework: Pg. 170-171 #1 - 270 (h)orla.laf 3. 3,9-‘( do wwkt'mf %7)
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3.9 Derivatives of Exponential and Logarithmic Functions

Ilu'

Property: lime—_l =1
b=} h / A "

This can be proven using the graph of y = £l
x

The Derivative of the Exponential Function

—(e )=e* and i(e")=e ]
dx dx

Ex. Find the derivative of each of the following:

. y=35e" l' g ‘/3 y=e“"" 4,

Lot t’ -
K& I';'c:;’( 13 =xe +c’( \ 9 = ¢ (smx\ L pf Z&(lg—b)
Lo X
‘2xdve” lﬁ"—-(’. SIN % —_—
Ex. If y = xe™", then find v
(2 g '"Ya,s
$inx SinY Sinx
tin¥ > flh\f

9” -oxe " binx ¥ (o8 XHRe
Derivative of a*: Theorem: Fora>0anda#1,

Fora >0 and a #1, i(a")=a" Ina-u'

dx

;—1((1’) =a'lna

ex. At what point on the graph y = 2" — 3 does the tangent line have a slope of 21?
y'= 220 2 = 2
[}
= y ]
ﬂh&” %> e
Dol xfnz ~ Fon2t—fun (Bn2)
- D 20 - b (B2 (q,qql&,}bbﬁ')
- i L. e
&

Xz 4.417279¢
h- \&, S



Derivative of In x:

Theorem: -d—l =l(—h1

ni
dx

i dx

'

i

Ex. Find the equation of the line tangenttoy = Inxatx =4

¢

{

-
-

;'( @x=4

’ ’:M:’l'
g-"

= o

\ i&-i’mq: m

Ex Find the equation of the line passing through the origin and tangent to ¥ = In x. g\oy— 'p‘i":'
s L
(a,ﬂ'ﬂ“) 2hnx W = 47 % l
' -—'- - ..‘/1;___4
@)(:'25 d: A C
@) ) ‘ Aoz
\ a-o ..
thral N Q=€
(¢,the)
| (e)1)
\ y-1= L (x-o) |
Derivative of log, x:
oy !
iIo n= |_.du L{Q—-
dx o na dx Ukh

sin ¥

4"

Ex. Findy'if y=log, a

| 79
o P L
o e
E(Ja" o = X
: Sih
.j&aaa = Sihx
d <nx = cay
i _

e —————




Logarithmic Differentiation: Sometimes you can use the properties of logs to help simplify before find
the derivative.

Ex. Findy ify=x" x>0

You can not use any of the rules/properties given because of the x's in both the base and the
exponent. In this case, we will use logs (natural logs)

Qhﬁ'ﬁhx“ ‘;‘J_C%!K; e

%”J'-C ;9(!%&«:{)
,thg_- & (kfwf]

d
l‘j 4-'4- X(J’E){-fwc B————/—

"
_ los x A -QV\?C
& Y= X & t&—x
ﬂha (CDS'K)Q&\"F % ,g“x ehy:
L d_lj‘ - Cpix- .L er\((QMSfB % 4&‘): ;‘L,‘_th-ﬁ
% ax . (& ’ E'z‘ev"(:l
Jﬁ»é\( Y—Glnk)ﬁu( lé-;'g -

é&. [cusx (;.mz\ﬂh;j lm

(oix

6[3 (Su x)
. (c‘j)()/&\ 6"&)(\
3y = erxe B2+ Db Cod
4=y G oot

.Clh‘K

8 (;mkﬁ"“(
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Homework: Pg. 178-179 #3-39 (3’s), 41, 43, 44, 47, 51, 52
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